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Abstract 

The basic idea of non-parametric regression is to let the data decide which regression 

function fits best without imposing any specific form on it. Consequently, non-parametric 

regression methods are in general more flexible. They can uncover structure in the data 

that might otherwise be missed. Bi-response non-parametric regression model provides 

powerful tools for modeling the regression function which represents association between 

blood pressures and stress score. Spline estimator has powerful and flexible properties for 

estimating the regression function. In this paper we discuss methods to estimate blood 

pressure affected by a stress score using least squared spline estimator. The results show 

that the estimated regression function is linear in observation and biased estimator. Also, 

we obtain the minimum GCV value of 389.9907, and optimal smoothing parameter values 

of 0.5255788 and 2.544688. 

Keywords: Blood Pressure and Stress Score, GCV, Smoothing Parameter, Smoothing Spline 

Estimator 
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1. Introduction 

Statistical analysis often involves building mathematical models which examine the 

relationship between response and predictor variables. Spline smoothing is a general class of 

powerful and flexible modeling techniques. Research on smoothing spline models has attracted a 

great deal of attention in recent years, and the methodology has been widely used in many areas. 

Smoothing spline estimator with its powerful and flexible properties is one of the most popular 

estimators used for estimating regression function of the non-parametric regression model. There 

are many researchers who have considered spline estimator for estimating regression function of 

the non-parametric regression model. Kimeldorf & Wahba (1971), Craven & Wahba (1979), and 

Wahba (1990) used original spline estimator to estimate regression function of smooth data. Cox 

(1983), and Cox & O’Sullivan (1996) proposed M-type spline to overcome outliers in non-

parametric regression. Wahba (1983) has constructed confidence intervals for original spline model 

by using Bayesian approach. Wahba (1985) compared between generalised cross validation (GCV) 

and generalised maximum likelihood (GML) for choosing the smoothing parameter in the 

generalised spline smoothing problem. Oehlert (1992), and Koenker et al. (1994) introduced 

relaxed spline and quantile spline, respectively. Wang (1998) discussed smoothing spline models 

with correlated random errors. Wahba (2000) introduced some techniques for spline statistical 

model building by using reproducing kernel Hilbert spaces. Lee (2004) proposed a method that 

combines smoothing spline estimates of different smoothness to form a final improved estimate. 

Cardot et al. (2007) gave asymptotic property of smoothing splines estimators in functional linear 

regression with errors-in-variables. Liu et al. (2007) studied smoothing spline estimation of 

variance functions. Aydin (2007) showed goodness of spline estimators rather than kernel 

estimators in estimating non-parametric regression models for gross national product data. Aydin 

et al. (2013) studied the determination of an optimal smoothing parameter for non-parametric 

regression using smoothing spline. Ramadan et al. (2019) used least squared spline estimator to 
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determine wasting nutritional status. Chamidah et al. (2019b) and Murbarani et al. (2019) used 

spline estimator to estimate median growth charts of children and to estimate AIDS models, 

respectively. Also, Oktavitri et al. (2019) used spline estimators for predicting suspended and 

attached process behavior in anaerobic batch reactors. Chamidah et al. (2018), and Chamidah et 

al. (2019a) used a non-parametric regression approach to improve classification accuracy of cysts 

and tumors, and to design a children’s growth chart. All these researchers studied spline estimators 

in the case of a single response non-parametric regression model only.     

In the real cases, we frequently face the problem in which two or more dependent variables 

are observed at several values of the independent variables, and there are correlations between the 

responses. Multi-response non-parametric regression models provide powerful tools to model the 

functions which represent the association of these variables. There are many researchers who have 

considered non-parametric models for multi-response data. Wang et al. (2000) studied spline 

smoothing for estimating non-parametric functions from bivariate data with the same correlation 

of errors. Fernandez & Opsomer (2005) proposed methods of estimating non-parametric 

regression model with spatially correlated errors. Chamidah & Saifudin (2013) estimated children’s 

growth by using the multi-response, non-parametric regression model approach. Chamidah & 

Lestari (2016) discussed estimating the regression curve of the homoscedastic multi-response non-

parametric regression in which the number of observations were unbalance. Lestari et al. (2017) 

proposed smoothing spline estimator for estimating of the multi-response non-parametric 

regression model by using reproducing kernel Hilbert space (RKHS). Lestari et al. (2018) discussed 

the construction of a covariance matrix in the case of homoscedasticity of variances of errors. 

Islamiyati et al. (2018) used penalised spline regression to estimate the covariance matrix on bi-

response non-parametric regression. Lestari et al. (2019) discussed estimating of both the 

covariance matrix and optimal smoothing parameter. But, these researchers have not discussed 

estimating the smoothing parameter in multi-response to the non-parametric regression model 
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when the variances of errors are not the same for the cross-section data. In addition, Chamidah & 

Saifudin (2013), Chamidah & Lestari (2016),  Islamiyati et al. (2018), and Lestari et al. (2017, 2018, 

and 2019) have not discussed theoretically the application of the estimated model on the real case 

data. 

Hypertension is often referred to as the silent killer because it takes the life of affected 

individuals without showing symptoms. However, the factors causing the disease (around 90%) 

are still unknown. The number of people living with hypertension is predicted to become 1.56 

billion worldwide by the year 2025. The sickness is associated with cardiovascular diseases (CVD) 

risk factors, incidence, and mortality. It is also found to be prevalent among people of 35 years of 

age and above, currently smoking, and obese. The Seventh Report on the Joint National 

Committee on Prevention, Detection, Evaluation and Treatment of High Blood Pressure created 

a category called "pre-hypertension" which was defined as a systolic blood pressure (SBP) of 120-

139 millimeters of mercury (mmHg) and a diastolic blood pressure (DBP) of 80-89 mmHg. Pre-

hypertension, even in the low range (SBP: 120-130 mmHg or DBP: 80-85 mmHg), has been 

confirmed to have a higher risk of developing into hypertension. Hypertension has been associated 

with increased risk of coronary artery and cardiovascular and cerebrovascular diseases. A meta-

analysis also reported that lower blood pressure could also lead to cardiovascular and chronic 

kidney diseases. This situation is critical in the Southeast Asian region with studies reporting HTN 

as an important risk factor for the attributable burden. 

Several studies have found different risk factors for hypertension such as obesity, family 

history, stress levels, heart rate, and an unhealthy lifestyle (Brown et al., 2000, and Roka et al., 2015, 

Andriani & Chamidah, 2019, Lestari et al., 2019). Furthermore, previous research showed the 

classification accuracy using binary logistic regression to be 72.5352% greater than the C4.5 

algorithm which was 64.0845%. Therefore, it could be said that binary logistic regression is better 

than the C4.5 algorithm. However, the variables used were considered influential on hypertension 
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through a regression curve without a pattern, therefore, in this paper we propose a bi-response 

non-parametric regression model approach. Moreover, a smoothing spline estimator used to 

estimate the regression function which describes the functional relationship between response 

variables and predictor variables. In this research, we discuss theoretical methods to estimate 

regression function and to select optimal smoothing parameters in bi-response non-parametric 

regression models that are a part of the multi-response non-parametric regression model. In 

addition, we give a numerical example to represent the application of this method on the real case 

data, i.e. an estimation of the regression function describing an association between blood pressure 

(systolic and diastolic blood pressure) and stress score. 

 

2. Methods 

Firstly, we consider the multi-response non-parametric regression model as given by 

Lestari et al. (2012, 2017, 2018, 2019) and by applying it to data of blood pressure and stress level. 

Next, the estimated regression function can be obtained by taking a solution of penalised weighted 

least square optimisation and by reproducing the kernel Hilbert space approach. Then, the optimal 

smoothing parameter can be obtained by minimising generalised cross validation (GCV) function. 

In the numerical example, we used the secondary data obtained from the Heart Poly 

Surabaya Hajj Hospital, Surabaya, Indonesia. Data consists of systolic blood pressure, diastolic 

blood pressure, and stress level of 59 patients suffering from hypertension. Steps taken in analysing 

the data are: (1) descriptive statistical analysis was conducted on the predictor variables associated 

with the response variable; (2) blood pressure was modelled in Cardiac Poly outpatients in 

Surabaya Hajj Hospital with the bi-response non-parametric regression model approach based on 

smoothing estimators with the following steps: (a) making a scatterplot of systolic and diastolic 

blood pressure versus stress level to investigate their patterns; (b) testing the correlation between 

systolic blood pressure and diastolic blood pressure; (c) estimating the regression function by using 
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the smoothing spline estimator; (d). Making a plot of the estimated systolic and diastolic blood 

pressures based on results obtained from step (c); (e) analysing and interpreting the estimated 

model of blood pressure associated with the stress score. 

 

3.  Results and Discussion 

In this section, we give the results and discussion about methods of estimation of 

regression function and selection optimal smoothing spline in the bi-response non-parametric 

regression model by using the least squared spline estimator. Also, we give a numerical example of 

application of the method on the real case data. 

3.1.  Estimation of Regression Function Using Bi-response Least Square Spline 

Estimator 

A regression analysis including two response variables shows there is significant correlation 

between response variables not only logically but also mathematically which is called a bi-response 

regression analysis. Bi-response non-parametric regression approach is used when it’s regression 

function form is unknown. Generally, the bi-response non-parametric regression model can be 

expressed as follows: 

 ( )i i iy f t ε= +
 

                                                                                                 (1) 

where  ( )(1) (2) T

i i iy y y=


, ( )(1) (2)( ) ( ) ( )
T

i i if t f t f t=


, and ( )(1) (2)
i i iε ε ε=


 is zero mean 

random error with variance iΣ . Function f  is an unknown regression curve that can be 

approached by truncated spline function as follows:    

                    ( ) ( ) ( ) ( ) ( ) ( )
0 1 1

( ) ... ( )Kr r r r p r r p
i i p i p k i kk

f t t t tβ β β β δ+ +=
= + + + + −∑                                  (2) 

where  1 2, ,..., Kδ δ δ  are knots and ( ) p
i kt δ−  is a truncated function which is expressed as follows:  

                       
 ( ) ,

( )
0           ,

 p
p i k i k

i k
i k

t t
t

t+

 − δ ≥ δ
− δ = 

< δ
                                                                         (3) 
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The parameter β


 in (2) can be estimated by using weighted least square (WLS) method that 

minimiszes the weighted sum of squared errors as follows:  

( ) ( )T Ty yε ε = − β − βW X W X
       

               ( )( )T T Ty y= −β − βX W WX
     

               
T T T T T Ty y y y= − β −β + β βW WX X W X WX

        

               2T T T T Ty y y= − β + β βW X W X WX
       

Next, we have   2 2 0
T

T T
T y∂ε ε

= − + β =
∂β

W X W X WX 




 

                                     2 2T T yβ⇔ =X WX X W
 

 

Such that we obtain:  

            1( )T T y−β = X WX X W


 
                                                                                          (4) 

where 
1

11 12

21 22

−
 

=  
 

Σ Σ
W

Σ Σ
is a weighted matrix which is inverse of the covariance matrix of 

response-1 and response-2 errors, rrΣ  ( 1,2r =  ) is diagonal matrix of covariance of thr response 

error, and 12Σ , 21Σ  are diagonal matrix of covariance between response-1 error and response-2 

error. Based on (4) we get the estimated model of biresponsebi-response nonparametricnon-

parametric regression as follows: 

1( )T Ty y y−= β = =X X X WX X W A


  
                                                                (5) 

Therefore we have mean squared error (MSE) as follows: 

                          1 1( ) ( ) ( ) ( ) ( )
2 2

T TMSE y y y y y y y y
n n

λ = − − = − −A A 

       
                                 (6) 

Next, we use the obtained MSE value to calculate generalised cross validation (GCV). Then, we 

use the minimum GCV to determine optimum knots. The GCV value in bi-response non-

parametric regression model is expressed by: 
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   ( ) ( )
21 ( )

2

MSE
GCV

tr
n

λ
λ =

 −  
I A

                                                                          (7) 

where 1( )T T−=A X X WX X W , and λ  is a smoothing parameter expressed as  

( )( )1 2, , , ,..., Kp Kλ = δ δ δ   with order p  , number of knot K , knots ( 1 2, ,..., Kδ δ δ ) .  

 

3.2      Estimation of an Optimal Smoothing Parameter 

Wahba (1990) has shown that in uni-response spline nonparametricnon-parametric 

regression, if smoothing parameter (λ ) value is very small )0( →λ  then it will give a very rought 

estimator of nonparametricnon-parametric regression function. In contrary, if the smoothing 

parameter (λ ) value is very large )( ∞→λ  then it will give a very smooth estimator of 

nonparametricnon-parametric regression function. Therefore, we need to select the optimum 

smoothing parameter (λ )  in order to obtain an estimator that is suitable with the data. For this 

need, some researchers have proposed some selection methods, for instance, Craven & Wahba 

(1979) proposed a cross validation (CV) method, Wang (1998) proposed an unbiased risk (UBR) 

method, and Wahba (1990) proposed a generaliszed cross validation (GCV) method. Not only 

does uniresponse spline nonparametricnon-parametric regression, but also multiresponsemulti-

response spline nonparametricnon-parametric regression depends on the smoothing parameter 

kλ , 1, 2,3k = . 

 In this section we discuss the selection method for selecting the optimal smoothing 

parameter in multiresponsethe multi-response nonparametricnon-parametric regression model for 

data of blood pressures and pulse. The Rregression function estimator of multiresponsemulti-

response nonparametricnon-parametric regression model for data of blood pressures and stress 

score as given by Lestari et al. (2018b and 2019b) can be expressed as follows: 

    2
1 2

ˆ ( ) ( , ; )f t H yλ λ λ σ=
 

                                                                         (8)                                     
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where 2 2 2
1 2( , )σ σ σ ′=


.  MSE (Mean Square Error) of (8) can be determined as follows: 

2
2 1 2

1 2
1
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=
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k
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 ∑ 

∑
  

.                                         

where ( )
1

2 2( )W σ


 is a diagonal matrix.                                                

Next, we define a quantity (further it is called as GCV function) as follows: 
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.       

The optimal smoothing parameter 1( ) 2( )( , )opt opt optλ λ λ ′=


 is obtained by taking the solution of the 

following optimiszation:  
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,      

where the norm 2 2
1 2v v v= +


 for vector 1 2( , )v v v ′=


. 

 

3.3      Numerical Example 
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The secondary data used consists of systolic blood pressure, diastolic blood pressure, and 

stress levels of 59 patients suffering from hypertension. Based on the correlation test result we 

conclude that there is correlation between systolic and diastolic blood pressures with a correlation 

value is 0.581. Also, results of the scatter plot of systolic and diastolic blood pressures versus stress 

level showed that there was no certain pattern of parametric regression patterns. Based on these 

results, we conclude that the bi-response non-parametric regression model approach is applicable 

to analyse the data. Estimating results of regression function based on least square spline estimator 

give a minimum GCV value of 389.9907, and optimal smoothing parameters of 0.5255788 and 

2.544688. Furthermore, plots of the estimated systolic and diastolic blood pressures are given in 

Fig. 1 and Fig. 2, respectively. 

 

 

Figure 1.  Plots of the estimated systolic blood pressure versus stress score 
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Figure 2. Plots of the estimated diastolic blood pressure versus stress score 

 

Fig. 1 shows that systolic blood pressure slowly increases in a row with increasing stress 

score. Also, Fig. 2 shows that systolic blood pressure slowly increases in a row with increasing 

stress score. However, the increasing of systolic blood pressure is sharper than that of diastolic 

blood pressure. It means that stress level can cause the increasing of both systolic and diastolic 

blood pressure. 

 

4. Conclusion 

Based on the estimated model that we have obtained, we conclude that the estimated model is a 

linear function in observation. In addition, by taking expectation of the estimated model, i.e., 

ˆ( ( ))E f tλ


 we obtain that the estimated regression function is a biased estimator. For this real case 

data, we obtain the minimum GCV value of 389.9907, and optimal smoothing parameter values 

of 0.5255788 and 2.544688. Further, either systolic blood pressure or diastolic blood pressure 
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tends to slowly increase in a row with increasing of stress score. However, the increasing of systolic 

blood pressure is sharper than that of diastolic blood pressure. 
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